q-Coherent pairs and q-orthogonal polynomials by Area, Iván et al.
q-Coherent pairs and q-orthogonal
polynomials
I. Area a,*, E. Godoy a, F. Marcellan b
a Departamento de Matematica Aplicada, E.T.S.I. Industriales y Minas, Universidad de Vigo,
Campus Lagoas Marcosende, 36200 Vigo, Spain
b Departamento de Matematicas, Escuela Politecnica Superior, Universidad Carlos III de Madrid,
c/Butarque 15, 28911 Leganes (Madrid), Spain
Abstract
In this paper we introduce the concept of q coherent pair of linear functionals. We
prove that if ðu0; u1Þ is a q coherent pair of linear functionals, then at least one of them
has to be a q classical linear functional. Moreover, we present the classification of all q
coherent pairs of positive definite linear functionals when u0 or u1 is either the little q
Jacobi linear functional or the little q Laguerre/Wall linear functional. Finally, by using
limit processes, we recover the classification of coherent pairs of linear functionals stated
by Meijer.  2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
The concepts of coherent pair and symmetric coherent pair have been in-
troduced by Iserles et al. in [1] in the framework of the study of orthogonal
polynomials associated with the Sobolev inner product
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 < 1; kP 0; i ¼ 0; 1:
In fact, coherence means that a relation between the monic orthogonal





nþ 1  rn
P 0nðxÞ
n
; nP 1; ð2Þ
where frngn is a sequence of non-zero complex numbers, is satisfied.
Hahn [2] seems to have been the first to realize that the characterizations of
classical orthogonal polynomial sequences based on derivatives and differential
equations are too much restrictive [3]. He used a more general operator, the so-
called q-difference operator defined by [2, Eq. (2.3)]
ðDqf ÞðxÞ ¼ f ðqxÞ  f ðxÞðq 1Þx ; x 6¼ 0; q 6¼ 1;
and ðDqf Þð0Þ :¼ f 0ð0Þ by continuity, provided f 0ð0Þ exists. Note that
limq"1ðDqf ÞðxÞ ¼ f 0ðxÞ if f is a differentiable function.
The Askey tableau of hypergeometric orthogonal polynomials contains the
classical orthogonal polynomials which can be written in terms of a hyper-
geometric function, starting at the top with Wilson and Racah polynomials
and ending at the bottom with Hermite polynomials [4,5]. Hahn [2] studied the
q-analogue of this classification. So, there are q-analogues of all the families in
the Askey tableau, often several q-analogues for one classical family. The most
general sets of these q-analogues are the Askey Wilson polynomials [4] and the
q-Racah polynomials [6], which contain all other families as special or limit
cases [7]. In [8, p. 115] Koornwinder presented a q-Hahn tableau: a q-analogue
of that part of the Askey tableau which is dominated by Hahn polynomials.
Basic hypergeometric functions and q-orthogonal polynomials for arbitrary
(including complex) values of q are connected with quantum algebras and
groups [9].
The aim of this paper is to extend the recent study on coherent pairs of linear
functionals [10] and D-coherent pairs of linear functionals [11,12] to q-coherent
pairs. More concretely, we characterize the sequences of orthogonal polyno-
mials fPngn and fTngn such that
TnðxÞ ¼ ðDqPnþ1ÞðxÞ½nþ 1  rn
ðDqPnÞðxÞ
½n ; nP 1;
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where frngn is a sequence of non-zero complex numbers and
½n ¼ q
n  1
q 1 ; nP 1; q 6¼ 1
(see [2, p. 5]). Moreover, we determine all q-coherent pairs of linear functionals
when dealing with little q-Jacobi and little q-Laguerre/Wall linear functionals.
By using limit properties for linear functionals the classification given by
Meijer in the continuous case [10] is reached. In this way, an interesting di-
rection of research can be open. If ðdl0; dl1Þ is a q-coherent pair of positive
measures, then the study of q-Sobolev orthogonal polynomials seems to be
very natural. A particular case of q-coherent pairs has been developed in [13].
On the other hand, in the Doctoral Dissertation by Koekoek [14] and a sub-
sequent paper [15] it was studied a Sobolev type inner product











as a generalization of a q-analogue of the classical Laguerre polynomials.
The outline of the paper is as follows. In Section 2, we give basic definitions
and results which will be helpful in the following sections. In Section 3, we
present the q-classical linear functionals. In Section 4, we introduce the concept
of q-coherent pair of linear functionals, and we prove that if ðu0; u1Þ is a q-
coherent pair, then both u0 and u1 are q-semiclassical linear functionals. In
Section 5, we prove that if ðu0; u1Þ is a q-coherent pair of linear functionals,
then at least one of them must be a q-classical linear functional. In Section 6,
we give the classification of all q-coherent pairs of positive-definite linear
functionals ðu0; u1Þ when u0 or u1 is either the little q-Jacobi linear functional or
the little q-Laguerre linear functional. Finally, in Section 7, by using limit re-
lations we recover the classification of all coherent pairs of positive definite
linear functionals.
2. Notations and basic results
Let P be the linear space of complex polynomials and let P0 be its algebraic
dual space. We denote by hu; f i the duality bracket for u 2 P0 and f 2 P, and
we denote by ðuÞn ¼ hu; xni, with nP 0, the canonical moments of u.
Definition 1. A linear functional u : P! C is said to be quasi-definite if all the
principal submatrices of the infinite Hankel matrix H ¼ ½ðuÞiþj1i;j 0 are non-
singular.
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It is known [16] that a linear functional u is quasi-definite if and only if there
exists an MOPS fPngn orthogonal with respect to u, i.e.,
1. PnðxÞ ¼ xn þ terms of lower degree for every nP 0,
2. hu; PnðxÞPmðxÞi ¼ Cmdnm ðCn 6¼ 0Þ for every n;mP 0.
An MOPS fPngn with respect to u satisfies a three-term recurrence relation
Pnþ1ðxÞ ¼ ðx bnÞPnðxÞ  cnPn1ðxÞ; nP 0; ð3Þ
with cn 6¼ 0 for nP 0 and initial conditions P1ðxÞ ¼ 0 and P0ðxÞ ¼ 1.
Definition 2. Given a complex number c, the Dirac functional dc is defined by
hdc; pðxÞi :¼ pðcÞ for every p 2 P.
Definition 3. Given a functional u, we define, for each polynomial p, the linear
functional pu as follows: hpu; rðxÞi :¼ hu; pðxÞrðxÞi for every r 2 P. For each
complex number c the functional ðx cÞ1u is given by hðx cÞ1u; rðxÞi :¼
hu; ðrðxÞ  rðcÞÞ=ðx cÞi for every r 2 P.
Note that
ðx cÞ1ððx cÞuÞ ¼ u ðuÞ0dc for every u 2 P0; ð4Þ
while ðx cÞððx cÞ1uÞ ¼ u.
Definition 4. Let q be a complex number, q 6¼ 1 and q 6¼ 0. The q-difference
operator Dq is defined by
ðDqpÞðxÞ ¼ pðqxÞ  pðxÞðq 1Þx ; x 6¼ 0 for every p 2 P; ð5Þ
and ðDqpÞð0Þ :¼ p0ð0Þ by continuity.
In what follows we shall always assume that 0 < q < 1. The action of the Dq
operator on a monomial f ðxÞ ¼ xn gives us
ðDqf ÞðxÞ ¼
ðqn  1Þxn1
ðq 1Þ ¼ ½nx
n1; n > 0;
0; n ¼ 0;
8><
>: ð6Þ
where the numbers ½n defined as
½n ¼ q
n  1
q 1 ¼ 1þ qþ    þ q




194 I. Area et al. / Appl. Math. Comput. 128 (2002) 191 216
4
are useful in the theory of representations of quantum groups and algebras. Let
p and r be two polynomials. Then
ðDqðprÞÞðxÞ ¼ rðxÞðDqpÞðxÞ þ pðqxÞðDqrÞðxÞ: ð8Þ
It is clear that the q-difference operator Dq defined in (5) converges to the
derivative operator D ¼ d=dx when q " 1. Given a linear functional u,
the linear functional Du is defined [17] as hDu; pi ¼ hu;Dpi for every
p 2 P.
Definition 5. A sequence of linear functionals fungn converges to u 2 P0 if and
only if fhun; pign converges to hu; pi for every p 2 P.
Definition 6. For u 2 P0, we introduce the functional Dqu such that
hDqu; pðxÞi ¼ hu; ðDqpÞðxÞi for every p 2 P.
Note that from the above definition, Dqu converges to Du when q " 1. We
shall also need the following properties of the Dq operator:
Proposition 1. For u 2 P0 and for p 2 P we have
Dq½pðxÞu ¼ pðq1xÞDquþ ðDqpÞðq1xÞu: ð9Þ
Proof. Let us define epðxÞ :¼ pðq1xÞ. Then we obtain
Dq½pðxÞu; rðxÞ
	 
 ¼  pðxÞu; ðDqrÞðxÞ	 

¼  u; pðxÞðDqrÞðxÞ
	 

¼  u; epðqxÞðDqrÞðxÞ	 

¼  u; ðDqeprÞðxÞ	  rðxÞðDqepÞðxÞ

¼ pðq1xÞDqu
	 þ ðDqpÞðq1xÞu; rðxÞ

for every r 2 P. 
3. q-Classical linear functionals
Definition 7. A functional u is said to be a q-classical linear functional if u is
quasi-definite and there exist polynomials / and w with degð/Þ6 2 and
degðwÞ ¼ 1 such that
Dq½/ðxÞu ¼ wðxÞu: ð10Þ
The corresponding MOPS associated with u is said to be a q-classical
MOPS.
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In [2,8] we can find the families of q-classical polynomial sequences namely:
Big q-Jacobi, little q-Jacobi, big q-Laguerre, q-Meixner, alternative q-Charlier,
little q-Laguerre/Wall, Moak, Al-Salam-Carlitz I, Al-Salam-Carlitz II, Stielt-
jes-Wigert, discrete q-Hermite I and discrete q-Hermite II. In Table 1 the
polynomials /ðxÞ and wðxÞ appearing in the distributional equation (10) are
given for each q-classical family, presented according to their representation as
basic hypergeometric series (equivalently, to their situation in the q-Hahn
tableau) [8, p. 115].
Table 1
Polynomials in the distributional Eq. (10) for each q classical family
PnðxÞ /ðxÞ wðxÞ
Big q Jacobi aqðx 1Þðbx cÞ cq xþ aqð1 ðbþ cÞqþ bqxÞ
ðq 1Þq










q Meixner ðx 1Þðbcþ xÞ cþ q bcq qx
q q2
Alternative q Charlier ax2 1þ xþ aqxðq 1Þq
Little q Laguerre/Wall ax xþ aq 1ðq 1Þq
Moak qa 1q 1 x
 
x 1þ q1það 1þ ðq 1ÞxÞ
ðq 1Þ2q
Al Salam Carlitz I a
1þ a x
q 1




Stieltjes Wigert x2 qx 1ðq 1Þq
Discrete q Hermite I 1
x
1 q
Discrete q Hermite II x2 1
x
q 1
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The q-classical orthogonal polynomials can be characterized in the following
proposition (see [2,19]).
Proposition 2. Let fPngn be an MOPS associated with a linear functional u. The
following statements are equivalent:
1. fPngn is a q-classical MOPS.
2. fQngn defined by
QnðxÞ ¼ ðDqPnþ1ÞðxÞ½nþ 1 ; nP 0; ð11Þ
is also an MOPS. Furthermore, if u satisfies Dq½/ðxÞu ¼ wðxÞu, then fQngn is
orthogonal with respect to the functional u ¼ /ðxÞu.
Next we introduce the concept of q-semiclassical linear functional, as sug-
gested in [20, p. 128], and some properties for these functionals (see [19]).
Definition 8. A linear functional u is said to be q-semiclassical if u is quasi-
definite and there exist two polynomials / and w such that
Dq½/ðxÞu ¼ wðxÞu; ð12Þ
where degð/Þ ¼ tP 0 and degðwÞ ¼ pP 1. An MOPS with respect to a q-
semiclassical functional u is called a q-semiclassical MOPS.
It is possible to associate with (12) a non-negative integer s as follows:
s ¼ maxfdegðwÞ  1; degð/Þ  2g but a q-semiclassical functional u satisfies an
infinite number of equations as (12). It is enough to multiply both sides of Eq.
(12) by a monic polynomial f with degðf Þ ¼ l and from Proposition 1 we have
Dq½f ðqxÞ/ðxÞu ¼ ð/ðxÞðDqf ÞðxÞ þ f ðxÞwðxÞÞu. So u fulfills also Dq½/1ðxÞu ¼
w1ðxÞu where now /1ðxÞ ¼ f ðqxÞ/ðxÞ and w1ðxÞ ¼ /ðxÞðDqf ÞðxÞ þ f ðxÞwðxÞ.
From Eq. (12) we have s1 ¼ maxfp1  1; t1  2g ¼ sþ l. Hence we can as-
sociate with a q-semiclassical functional u a set of non-negative integer num-
bers hðuÞ.
Definition 9. Let u be a q-semiclassical functional. The minimum of the set hðuÞ
is called the class of u. When s is the class of u then the sequence fPngn or-
thogonal with respect to u is said to be of class s.
4. q-Coherent pairs
Let us introduce the concept of q-coherent pair of linear functionals, as a q-
analogue of coherent pair of linear functionals, i.e., when q ! 1 we recover the
concept of coherent pair of linear functionals used in [10,21,22].
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Definition 10. Let u0 and u1 be two quasi-definite linear functionals, whose
MOPS are fPngn and fTngn, respectively. We define ðu0; u1Þ as a q-coherent pair
of linear functionals if
TnðxÞ ¼ ðDqPnþ1ÞðxÞ½nþ 1  rn
ðDqPnÞðxÞ
½n ; nP 1; ð13Þ
where frngn is a sequence of non-zero complex numbers and the numbers ½n
are defined in (7).








; 0 < aq < 1 for every p 2 P; ð14Þ
where the q-shifted factorials are given by
ðc; qÞ0 ¼ 1; ðc; qÞj ¼ ð1 cÞð1 cqÞ    ð1 cqj1Þ; jP 1 ð15Þ
(see [18]). The MOPS associated with this linear functional is the MOPS of
little q-Laguerre/Wall polynomials fpnðx; a jqÞgn. They are particular little q-
Jacobi polynomials and q-analogues of Laguerre polynomials (see [8, p. 117]).
They are related with monic orthogonal Wall polynomials fWnðx; b; qÞgn (see
[16, p. 198] and [18, p. 196]) by means of
pnðx; a jqÞ ¼ Wnðqx; aq; qÞqn ; nP 0:
Since little q-Laguerre/Wall polynomials fnðxÞ ¼ pnðx; a jqÞ satisfy
pnðx; a jqÞ ¼ ðDqfnþ1ÞðxÞ½nþ 1  rn
ðDqfnÞðxÞ
½n ; where rn ¼ aq
nðqn  1Þ; ð16Þ
we deduce that ðuðaÞ; uðaÞÞ is a q-coherent pair of linear functionals.
Definition 11. Let fPngn be an MOPS associated with the functional u. The
sequence of linear functionals fangn defined by han; PmðxÞi ¼ dnm, n;mP 0, is
called the dual basis of fPngn.
In fact,
an ¼ PnðxÞhu; P 2n ðxÞi
u: ð17Þ
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An immediate consequence of the above equation can be stated as follows.
Proposition 3. Let fPngn be an MOPS associated with the linear functional u
and let fQngn as in (11). If we denote by fangn and fangn the corresponding dual
bases, then Dqan ¼ ½nþ 1anþ1.
Proposition 4. Let ðu0; u1Þ be a q-coherent pair and let fað0Þn gn and fað1Þn gn be the
dual bases of u0 and u1, respectively. If we denote by fað0Þn gn the dual basis cor-
responding to fQngn defined in (11), then we have
að0Þn ¼ að1Þn  rnþ1að1Þnþ1; ð18Þ
½nþ 1að0Þnþ1 ¼ rnþ1Dqað1Þnþ1  Dqað1Þn ; nP 0: ð19Þ








km;n ¼ hað0Þn ; TmðxÞi ¼ hað0Þn ;QmðxÞ  rmQm1ðxÞi
¼
1 if m ¼ n;




and then (18) holds. Applying the Dq operator to (18) and using Proposition 3,
Eq. (19) is obtained. 
We conclude this section proving that if ðu0; u1Þ is a q-coherent pair of linear
functionals both u0 and u1 are q-semiclassical linear functionals.
Theorem 1. Let ðu0; u1Þ be a q-coherent pair of linear functionals and let fPngn,
fTngn be the corresponding MOPS associated with u0 and u1, respectively. Then,
(i) The functional u1 is a q-semiclassical linear functional of class at most 1.
That is, there exist two polynomials /1 and w1 of degree at most 3 and 2, re-
spectively, such that
Dq½/1ðxÞu1 ¼ w1ðxÞu1: ð20Þ








ðDqc2Þðq1xÞ  ½2 P2ðxÞp2 ðDqc1Þðq
1xÞ þ ðDq/1Þðq1xÞ; ð22Þ
where
cnþ1ðxÞ ¼ rnþ1 Tnþ1ðxÞtnþ1 
TnðxÞ
tn
; nP 0; ð23Þ
and pn :¼ hu0; P 2n i, tn :¼ hu1; T 2n i.
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(ii) There exist polynomials A3 and B2 of degree at most 3 and 2, respectively,
such that
A3ðxÞu0 ¼ B2ðxÞu1; ð24Þ
where
A3ðxÞ ¼ /1ðq1xÞ; ð25Þ
B2ðxÞ ¼ c1ðq1xÞðDqc2Þðq1xÞ  c2ðq1xÞðDqc1Þðq1xÞ: ð26Þ
(iii) The functional u0 is a q-semiclassical linear functional of class at most 6
since it verifies the distributional equation
Dq½/0ðxÞu0 ¼ w0ðxÞu0; ð27Þ
where




are polynomials of degree at most 8 and 7, respectively.
Proof. Let us write (19) using (17)
½nþ 1 Pnþ1ðxÞ
pnþ1
u0 ¼ Dq½cnþ1ðxÞu1; nP 0: ð30Þ
For n ¼ 0 and n ¼ 1, Eq. (30) can be written
P1ðxÞ
p1
u0 ¼ Dq½c1ðxÞu1 ¼ c1ðq1xÞDqu1 þ ðDqc1Þðq1xÞu1;
½2 P2ðxÞ
p2
u0 ¼ Dq½c2ðxÞu1 ¼ c2ðq1xÞDqu1 þ ðDqc2Þðq1xÞu1:
ð31Þ



















On the other hand,
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where
gðxÞ ¼ ½2 P2ðxÞ
p2




which coincides with (20).
(ii) Eliminating Dqu1 in the system (31) we obtain A3ðxÞu0 ¼ B2ðxÞu1, where
polynomials A3 and B2 are given in (25) and (26), respectively.





¼ Dq /1ðxÞB2ðxÞA3ðxÞu0½ 
¼ Dq /1ðxÞB2ðxÞB2ðxÞu1½ 
¼ Dq B22ðxÞ/1ðxÞu1
 
¼ B22ðq1xÞDq½/1ðxÞu1 þ ðDqB22Þðq1xÞ/1ðxÞu1





¼ B2ðq1xÞw1ðxÞA3ðq1xÞu0 þ ðDqB2Þðq1xÞ/1ðxÞB2ðq1xÞu1
þ ðDqB2Þðq1xÞ/1ðxÞB2ðxÞu1;
where by using again (24) we get the result. 
5. General problem of q-coherence
In Theorem 1 we have proved that if ðu0; u1Þ is a q-coherent pair of linear
functionals, then both u0, u1 are q-semiclassical functionals of class at most 6
and 1, respectively. The main goal of this section is to prove that if ðu0; u1Þ is a
q-coherent pair of linear functionals, then at least one of the functionals u0, u1
has to be a q-classical functional. In order to give a scheme of the proof let us
denote by n and g the zeros of the polynomial B2 defined in (26). The proof of
this statement will consist in three steps. In the first one, we prove that if
g ¼ qn, u0 must be a q-classical linear functional (Theorem 2). In the second
step we prove that if n 6¼ g and g 6¼ qn, then u1 must be a q-classical linear
functional (Theorem 3). Finally, as a remark, we study the case n ¼ g.
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Proposition 5. Let ðu0; u1Þ be a q-coherent pair of linear functionals, being fPngn
and fTngn the corresponding MOPS associated with u0 and u1, respectively. Let
cn be the polynomials defined in (23). For each nP 1 we have
½n PnðxÞ
pn
B2ðxÞ ¼ A3ðxÞðDqcnÞðq1xÞ þ cnðq1xÞpðxÞ; ð32Þ
where polynomials A3 and B2 are defined in (25) and (26), respectively, and
pðxÞ ¼ w1ðxÞ  ðDqA3ÞðxÞ ð33Þ
with w1 given in (22).
Proof. Using (24), (30) and (9) we obtain
½n PnðxÞ
pn
B2ðxÞu1 ¼ ½n PnðxÞpn A3ðxÞu0 ¼ A3ðxÞDq½cnðxÞu1
¼ A3ðxÞ cnðq1xÞDqu1
 þ ðDqcnÞðq1xÞu1:
From Theorem 1 the functional u1 verifies Eq. (20). Using (9) and (25) it fol-
lows that
A3ðxÞDqu1 ¼ /1ðq1xÞDqu1 ¼ pðxÞu1; ð34Þ
and then (32) holds. 
Theorem 2. Let ðu0; u1Þ be a q-coherent pair of linear functionals. Let n and g be
the zeros of the polynomial B2 defined in (26). Suppose that g ¼ qn, i.e.,
B2ðxÞ ¼ r1r2t1t2 ðx nÞðx qnÞ: ð35Þ
Then,
(i) The functional eu ¼ ðx nÞu1 is a q-classical linear functional and
Dq½e/ðxÞeu ¼ ewðxÞeu; ð36Þ
for some polynomials e/ and ew with degðe/Þ6 2 and degðewÞ ¼ 1. Moreover,
e/ðq1xÞu0 ¼ qr1r2t1t2 eu: ð37Þ
(ii) The functional u0 is a q-classical linear functional and
Dq½e/ðq1xÞu0 ¼ ew0ðxÞu0; ð38Þ
for some polynomial ew0 with degðew0Þ ¼ 1.
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Proof. We have proved in Theorem 1 that u1 is a q-semiclassical linear func-
tional satisfying the distributional equation Dq½/1ðxÞu1 ¼ w1ðxÞu1, where
polynomials /1 and w1 are defined in (21) and (22), respectively.
(i) From the definition of B2 in (35) it is easy to check that
ðDqB2ÞðxÞ ¼ r1r2t1t2 ðqþ 1Þðx nÞ;
and also
ðDqB2ÞðxÞ ¼ ½2 r2t2 c1ðxÞ; ð39Þ
using (26). Thus we obtain that c1ðnÞ ¼ 0. From (26) doing x ¼ qn it follows
that
0 ¼ B2ðqnÞ ¼ c2ðnÞ r1t1 :
Thus c2ðnÞ ¼ 0 and from (21) we obtain /1ðnÞ ¼ 0 as well as w1ðnÞ ¼ 0 using
(21) and (22).
Hence, we can write
/1ðxÞ ¼ ðx nÞe/ðxÞ; w1ðxÞ ¼ ðx nÞewðxÞ:
Let us define eu ¼ ðx nÞu1. From (20) and the definition of polynomials e/ andew, it follows that eu satisfies Eq. (36). In Theorem 1 we have proved that
degð/1Þ6 3, so degðe/Þ6 2. Since degðw1Þ6 2, we obtain that degðewÞ6 1. If we
prove that ew cannot be a constant polynomial, then we deduce part (i) of the
Theorem. In order to do it we distinguish two situations:
1. If ew is a non-zero constant m (ewðxÞ  m), then
hu1; mðx nÞi ¼ hmðx nÞu1; 1i ¼ hmeu; 1i ¼ hDq½e/ðxÞeu; 1i ¼ 0:
Hence T1ðxÞ ¼ x n. Since c1 is defined by




then c1ðnÞ 6¼ 0 and this contradicts that c1ðnÞ ¼ 0.
2. Suppose that ew  0. From (6) we get




¼  Dq½e/ðxÞeu; xnþ1½nþ 1
 
¼ hewðxÞeu; xni ¼ 0:
So, h/1ðxÞu1; pðxÞi ¼ 0 for every p 2 P, and then u1 should not be a quasi-
definite linear functional. Hence ew 6 0.
From the above situations we conclude that degðewÞ ¼ 1.
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Moreover, since c1ðnÞ ¼ c2ðnÞ ¼ 0 then c1 divides c2. From (24) and (25) we
can write
ðq1x nÞe/ðq1xÞu0 ¼ B2ðxÞu1;
or
ðx qnÞe/ðq1xÞu0 ¼ qB2ðxÞu1:
Multiplying both sides of the above expression by ðx qnÞ1, and using (4) we
obtain
e/ðq1xÞu0 ¼ qðx qnÞ1B2ðxÞu1 þ e/ðq1xÞu0Þ0dqn:
Applying again (4) we get
e/ðq1xÞu0 ¼ qr1r2t1t2 ðx nÞu1;
if we normalize in a convenient way the linear functionals u0 and u1.
(ii) By applying the operator Dq to both sides of the above equality we
obtain










using (30). If we define
ew0ðxÞ ¼ q r2t2 P1ðxÞp1 ;
then degðew0Þ ¼ 1 and (38) holds. 
In order to prove the behaviour in the other situations we need some pre-
vious lemmas.
Lemma 1. Let ðu0; u1Þ be a q-coherent pair of linear functionals and A3 and B2
the polynomials defined in (25) and (26), respectively. Suppose that n is a zero of
B2 such that A3ðnÞ 6¼ 0. Then, there exists a non-zero parameter k independent of
n such that
cnðq1nÞ þ kðDqcnÞðq1nÞ ¼ 0 for all nP 1: ð40Þ
Proof. Since B2ðnÞ ¼ 0, Eq. (32) for n ¼ 1 and x ¼ n reads as
0 ¼ A3ðnÞðDqc1Þðq1nÞ þ c1ðq1nÞpðnÞ:
Since ðDqc1Þðq1nÞ ¼ r1=t1 is a non-zero constant and from the hypothesis
A3ðnÞ 6¼ 0 then pðnÞ 6¼ 0 and
c1ðq1nÞ ¼ A3ðnÞr1pðnÞt1 6¼ 0:





then from Eq. (32) in x ¼ n our result holds for every nP 1. 
Lemma 2. Suppose that there exist parameters n1, n2, k1 6¼ 0, and k2 6¼ 0 such
that
cnðn1Þ þ k1ðDqcnÞðn1Þ ¼ 0 for all nP 1; ð41Þ
cnðn2Þ þ k2ðDqcnÞðn2Þ ¼ 0 for all nP 1: ð42Þ
If ni 6¼ qnj, then n1 ¼ n2 and k1 ¼ k2.














þ kj ðDqTnÞðnjÞtn ; nP 0; j ¼ 1; 2:
Then for each nP 1 and for j ¼ 1; 2 we can write





; j ¼ 1; 2:

















¼ 1; nP 1;
i.e., hð1Þn ðn1Þ ¼ hð2Þn ðn2Þ for nP 1 or, equivalently,
Tnðn1Þ þ k1ðDqTnÞðn1Þ ¼ Tnðn2Þ þ k2ðDqTnÞðn2Þ; nP 1: ð44Þ
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So from the initial problem of characterizing n1, n2, k1, and k2 such that (41)
and (42) hold simultaneously, we arrive at a new problem: determine n1, n2, k1
and k2 such that (44) holds.
In order to find the solutions of problem (44), we study a more general one:
find all l, m, d and g such that
lTnðn1Þ þ mðDqTnÞðn1Þ ¼ dTnðn2Þ þ gðDqTnÞðn2Þ; nP 1: ð45Þ
Assume that fTngn satisfies the three-term recurrence relation
Tnþ1ðxÞ ¼ x
  bTn TnðxÞ  cTn Tn1ðxÞ; nP 0: ð46Þ
Then, applying the Dq operator we obtain
DqTnþ1
 ðxÞ ¼ TnðxÞ þ qx  bTn ðDqTnÞðxÞ  cTn DqTn1 ðxÞ: ð47Þ
Using (46) and (47) a new equation is obtained:
ðm þ ln1ÞTnðn1Þ þ qmn1ðDqTnÞðn1Þ
¼ ðg þ dn2ÞTnðn2Þ þ qgn2ðDqTnÞðn2Þ: ð48Þ
Let us repeat the process from (45) (48), but starting with Eq. (48) instead
of (45). If we do so, we obtain a new equation which should be verified.
Finally, mimicking the process starting with this new last equation we find
an homogeneous system of four linear equations with variables Tnðn1Þ,
Tnðn2Þ, ðDqTnÞðn1Þ and ðDqTnÞðn2Þ. The determinant of the matrix of coeffi-
cients is
k1k2ðn1  n2Þ2ðqn2  n1Þðqn2  n1Þðk1 þ n1ð1 qÞÞðk2 þ n2ð1 qÞÞ;
ð49Þ
after replacing l ¼ 1, m ¼ k1, d ¼ 1 and g ¼ k2. Then, we need to study the
solutions of this linear system, depending on the value of (49).
If the determinant (49) is different of zero, then the solution of the linear
system is
TnðniÞ ¼ ðDqTnÞðniÞ ¼ 0; nP 3; i ¼ 1; 2:
Hence it should be
Tnðn1Þ ¼ Tnðn2Þ ¼ Tnðqn1Þ ¼ Tnðqn2Þ ¼ 0; nP 3;
but this contradicts that fTngn is an MOPS.
Now we discuss what happens when the determinant (49) is equal to zero.
Because of the hypothesis of this lemma only two situations can appear:
1. If n1 ¼ n2, it is trivial to check that k1 ¼ k2 and then the result holds.
2. If ki ¼ ðq 1Þni, then
TnðniÞ þ ðq 1ÞniðDqTnÞðniÞ ¼ 0;
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and from the definition of the q-difference operator we get
TnðqniÞ ¼ 0 for every nP 3;
which is not possible since fTngn is an MOPS.
Lemma 3. Let A3, B2 and cn be the polynomials defined in (25), (26) and (23),
respectively. Suppose that B2 has not a double zero and that no zero of B2 is a root
of ðDqB2ÞðxÞ ¼ 0. Then, there exists a parameter n such that B2ðnÞ ¼ A3ðnÞ ¼ 0.
Furthermore, we have c1ðnÞ 6¼ 0, c1ðq1nÞ 6¼ 0 and pðnÞ ¼ 0.
Proof. Let us denote n1 and n2 the zeros of B2. If both ni (i ¼ 1; 2) are not zeros
of A3, we can apply Lemma 1 to obtain two constants k1 6¼ 0 and k2 6¼ 0 such
that
cnðq1n1Þ þ k1ðDqcnÞðq1n1Þ ¼ 0; cnðq1n2Þ þ k2ðDqcnÞðq1n2Þ ¼ 0;
for all nP 1. Using Lemma 2 we get k1 ¼ k2 as well as n1 ¼ n2 in contradiction
with the hypothesis of Lemma.
Let us denote n the common zero of B2 and A3. If B2ðnÞ ¼ 0, we have
ðDqB2ÞðnÞ 6¼ 0, and hence c1ðnÞ 6¼ 0. But we also obtain that c1ðq1nÞ 6¼ 0,
because if c1ðq1nÞ ¼ 0, then it should be B2ðq1nÞ ¼ ðDqB2Þðq1nÞ ¼ 0 which is
not possible.
From (32) putting n ¼ 1 and x ¼ n we get pðnÞ ¼ 0.
Theorem 3. Let ðu0; u1Þ be a q-coherent pair of linear functionals. Suppose that
B2 defined in (26) has not a double zero and also that no zero of B2 is a root of
ðDqB2ÞðxÞ ¼ 0. Then,
(i) there exist a parameter n and polynomials eA, p1 with degðeAÞ6 2 and
degðp1Þ6 1 such that
eAðxÞu0 ¼ r1r2t1t2 ðx nÞu1; ð50Þ
p1ðxÞu0 ¼ r1r2t1t2 ðx nÞDqu1: ð51Þ
(ii) if eAðnÞ ¼ 0, then p1ðnÞ ¼ 0.
(iii) u1 is a q-classical linear functional verifying
Dq½eAðqxÞu1 ¼ ew1ðxÞu1; ð52Þ
where degðew1Þ ¼ 1.
Proof. (i) Let us denote n1 and n2 the zeros of B2. Using Lemma 3, at least one
of them is also a zero of A3. Suppose that A3ðn1Þ ¼ 0. Using again Lemma 3 we
obtain that pðn1Þ ¼ 0. Define
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B2ðxÞ ¼ ðx n1ÞeBðxÞ; ð53Þ
A3ðxÞ ¼ ðx n1ÞeAðxÞ; ð54Þ
pðxÞ ¼ ðx n1Þp1ðxÞ: ð55Þ
Then we can divide both members of (32) by x n1 and we obtain
½n PnðxÞ
pn
eBðxÞ ¼ eAðxÞðDqcnÞðq1xÞ þ cnðq1xÞp1ðxÞ
for every nP 1: ð56Þ
From (31), we get
pðxÞu0 ¼ B2ðxÞDqu1; ð57Þ
and thus, using (53), (54) and (24)
eAðxÞu0 ¼ eBðxÞu1; ð58Þ
if we normalize properly the linear functionals u0 and u1, which was to be
proved. Furthermore, from (55) and (57) it yields
p1ðxÞu0 ¼ eBðxÞDqu1 þMdn1 ; ð59ÞeAðxÞDqu1 ¼ p1ðxÞu1 þ Kdn1 : ð60Þ





u0 ¼ eBðxÞ ðDqcnÞðq1xÞu1 þ cnðq1xÞDqu1;
i.e.,
ðDqcnÞðq1xÞðeAðxÞu0  eBðxÞu1Þ ¼ cnðq1xÞðeBðxÞDqu1  p1ðxÞu0Þ:
From (58) and (59) we have
Mcnðq1xÞ ¼ 0 for every nP 1:
Since c1ðq1n1Þ 6¼ 0 we obtain M ¼ 0 and this proves (51).
(ii) From the definition of eA we have eAðn2Þ ¼ 0 and then, using Lemma 3 it
follows that p1ðn2Þ ¼ 0, so part (ii) of the theorem is proved.
(iii) Finally, using (56) with n ¼ 1
eAðxÞðDqc1Þðq1xÞ ¼ P1ðxÞp1 eBðxÞ  c1ðq1xÞp1ðxÞ
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ðeAðxÞu0  eBðxÞu1Þ ¼ c1ðq1xÞðeAðxÞDqu1  p1ðxÞu1Þ:
From (50) and (60) we obtain Kc1ðq1n1Þ ¼ 0 and since c1ðq1n1Þ 6¼ 0, then
K ¼ 0. Thus (60) reads as
eAðxÞDqu1 ¼ p1ðxÞu1:
Now Dq½eAðqxÞu1 ¼ ðDqeAÞðxÞu1 þ eAðxÞDqu1 ¼ ððDqeAÞðxÞ þ p1ðxÞÞu1 ¼ ew1ðxÞu1,
being degðew1Þ6 1. As in Theorem 2, we use that u1 is quasi-definite to conclude
degðew1Þ ¼ 1, i.e., u1 is a q-classical linear functional. 
Remark 1. If B2 has a double zero n, from (39) we have






Since the sequence fQngn defined in (11) is orthogonal with respect to the linear
functional /0u0 (see Proposition 2), it is convenient to write (18) for n ¼ 0 using









Since u1 is a quasi-definite linear functional it follows that
/1ðxÞB22ðxÞ
hu0;/0ðxÞi
þ c1ðxÞ ¼ 0: ð62Þ
When x ¼ n, the above expression can be written
ðq 1Þnr1
ðqþ 1Þt1 ¼ 0; ð63Þ
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according to (61) and B2ðnÞ ¼ 0, so n must be 0 and Theorem 2 can be applied
in order to obtain that u0 is a q-classical linear functional.
6. Examples
In Section 5 we have proved that if ðu0; u1Þ is a q-coherent pair of linear
functionals, at least one of them has to be a q-classical linear functional. In this
section we give the coherent pairs of positive-definite linear functionals when








0 < aq < 1; b < q1 for every p 2 P; ð64Þ
where the q-shifted factorials ðc; qÞk are defined in (15) and when one of the
linear forms is the little q-Laguerre/Wall linear functional uðaÞ given in (14).
Concerning notations, let ðu0; u1Þ be a coherent pair of linear functionals and
let B2 be the polynomial defined in (26) with zeros n and g. These zeros can be
complex, but in the computations below we shall assume they are real for the
sake of simplicity. From the study done in the previous section, at least one of
the functionals has to be a q-classical linear functional. More concretely, if
g ¼ qn, then u0 is a q-classical linear functional and if g 6¼ qn and g 6¼ n, then u1
is a q-classical linear functional.
6.1. Little q-Jacobi linear functional
Let uða;bÞ be the little q-Jacobi linear functional defined in (64). Let us con-
sider a ¼ qa, b ¼ qb with a; b > 1. In this situation the little q-Jacobi linear
functional will be denoted by uðq
a;qbÞ  vða;bÞ.
6.1.1. Case n ¼ qg
If g ¼ qn, then u0 is a q-classical linear functional. Suppose that u0 ¼ vða;bÞ is
the little q-Jacobi linear functional. Then /0ðxÞ ¼ qaþbþ1xðx qðbþ1ÞÞ and from
(37) and (38) we obtain ðx nÞu1 ¼ xð1 qbþ1xÞu0 ¼ xð1 qbþ1xÞvða;bÞ. Thus,
u1 ¼ ðx nÞ1xð1 qbþ1xÞvða;bÞ þMdn. Since xð1 qbþ1xÞvða;bÞ ¼ vðaþ1;bþ1Þ we get
u1 ¼ ðx nÞ1vðaþ1;bþ1Þ þMdn; M P 0; n6 0: ð65Þ
Let us prove that ðvða;bÞ; u1Þ is a q-coherent pair of linear functionals. If we
denote fpnðx; qa; qb jqÞgn the MOPS of little q-Jacobi associated with vða;bÞ and
fTngn the MOPS with respect to u1, we have
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vðaþ1;bþ1Þ; TnðxÞpk x; qaþ1; qbþ1 jq
 	 

¼ xvðaÞ; TnðxÞpk x; qaþ1; qbþ1 jq
 	 

¼ ðx	  nÞu1; TnðxÞpk x; qaþ1; qbþ1 jq 

¼ u1; TnðxÞpk x; qaþ1; qbþ1 jq
 ðx	  nÞ
 ¼ 0; ð66Þ
if 06 k6 n 2. Hence, for nP 1 with the notation pnðx; qa; qb jqÞ  pnðxÞ we
get
TnðxÞ ¼ pn x; qaþ1; qbþ1 jq
  rnpn1 x; qaþ1; qbþ1 jq 
¼ ðDqpnþ1ÞðxÞ½nþ 1  rn
ðDqpnÞðxÞ
½n ;
where the last equality is a consequence of
ðDqpnþ1ÞðxÞ
½nþ 1 ¼ pn x; q
aþ1; qbþ1 jq ; nP 0: ð67Þ
6.1.2. Case g 6¼ n and g 6¼ qn
From Theorem 3, u1 is a q-classical linear functional. Suppose that u1  vða;bÞ
is the little q-Jacobi linear functional. We shall denote fPngn the MOPS with
respect to u0. Since /1ðxÞ ¼ qaþbþ1xðx qðbþ1ÞÞ from (50) and (52) we have
/1ðq1xÞu0 ¼ ðx nÞvða;bÞ and we can consider the following cases:
(1) If a; b > 0, since /1ðq1xÞvða1;b1Þ ¼ vða;bÞ then ðx nÞvða;bÞ ¼
ðx nÞxvða1;b1Þ, so
u0 ¼ ðx nÞvða1;b1Þ þMd0; M P 0: ð68Þ
From (51) we have
/1ðxÞp1ðxÞu0 ¼ ðx nÞp1ðxÞvða;bÞ ¼ ðx nÞp1ðxÞ/1ðxÞvða1;b1Þ:
Using (68) and the above equation we get
u0 ¼ ðx nÞvða1;b1Þ; n6 0: ð69Þ
To check that ðu0; vða;bÞÞ defines a q-coherent pair we compute
hu0; PkðxÞpnþ1ðx; qa1; qb1 jqÞi ¼ hvða1Þ; PkðxÞpnþ1ðx; qa1; qb1 jqÞðx nÞi
¼ 0 for 06 k6 n 1:
Thus, we have
pnþ1ðx; qa1; qb1 jqÞ ¼ Pnþ1ðxÞ  rnPnðxÞ; nP 1:
Applying the Dq-operator to the above relation and using (67) we obtain
pnðx; qa; qb jqÞ ¼ ðDqPnþ1ÞðxÞ½nþ 1 
qn  1
qnþ1  1 rn
ðDqPnÞðxÞ
½n ; nP 1:
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(2) If a ¼ 0 and b > 0 since p1ðxÞ ¼ ðqb  1Þx=ðqð1 qÞÞ then, from Lemma
3, n ¼ 0 and we obtain
u0 ¼ vð0;b1Þ þMd0; M P 0: ð70Þ
Using the relation
pnþ1ð0; 1; qb1 jqÞ þ AðnÞpnð0; 1; qb1 jqÞ ¼ 0;
AðnÞ ¼ q
nðqnþ1  1Þðqbþn  1Þ
ðqbþ2n  1Þðqbþ2nþ1  1Þ ;
and since
u0; pnþ1ðx; 1; qb1 jqÞ
	 þ AðnÞpnðx; 1; qb jqÞPkðxÞ

¼ vð0;b1Þ; pnþ1ðx; 1; qb1 jqÞ
	 þ AðnÞpnðx; 1; qb1 jqÞPkðxÞ

þM pnþ1ð0; 1; qb1 jqÞ
 þ AðnÞpnð0; 1; qb1 jqÞ
¼ vð0;bÞ; pnþ1ðx; 1; qb1 jqÞ
	 þ AðnÞpnðx; 1; qb1 jqÞPkðxÞ

¼ 0 for 06 k6 n 1;
then we can write
pnþ1ðx; 1; qb1 jqÞ þ AðnÞpnðx; 1; qb1 jqÞ ¼ Pnþ1ðxÞ  rnPnðxÞ:
Applying the Dq-operator to the above equation and taking into account
pnðx; 1; qb jqÞ ¼ ðDqepnþ1ÞðxÞ½nþ 1 þ AðnÞ½nþ 1 ðDqepnÞðxÞ; ð71Þ
where epnðxÞ ¼ pnðx; 1; qb1 jqÞ, we obtain the q-coherence of the pairs
ðvð0;b1Þ þMd0; vð0;bÞÞ, M P 0.
(3) If a > 0 and b ¼ 0, then p1ðxÞ ¼ ðqa  1Þð1 xÞ=ðqð1 qÞÞ. So from
Lemma 3 we obtain n ¼ 1 and
u0 ¼ vða1;0Þ þMd1; M P 0: ð72Þ
Let us prove that ðu0; vða;bÞÞ is a q-coherent pair of linear functionals. Since
u0; pnþ1ðx; qa1; 1 jqÞ
	 þ BðnÞpnðx; qa1; 1 jqÞPkðxÞ

¼ vða1;0Þ; pnþ1ðx; qa1; 1 jqÞ
	 þ BðnÞpnðx; qa1; 1 jqÞPkðxÞ

þM pnþ1ð1; qa1; 1 jqÞ
 þ BðnÞpnð1; qa1; 1 jqÞ
¼ vða1;0Þ; pnþ1ðx; qa1; 1 jqÞ
	 þ BðnÞpnðx; qa1; 1 jqÞPkðxÞ

¼ 0 for 06 k6 n 1;
using the relation
pnþ1ð1; qa1; 1 jqÞ þ BðnÞpnð1; qa1; 1 jqÞ ¼ 0;
BðnÞ ¼ q
2nþaðqnþ1  1Þðqnþa  1Þ
ðq2nþa  1Þðq2nþaþ1  1Þ ;
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then we can write
pnþ1ðx; qa1; 1 jqÞ þ BðnÞpnðx; qa1; 1 jqÞ ¼ Pnþ1ðxÞ  rnPnðxÞ:
Applying the Dq-operator and taking into account
pnðx; qa; 1 jqÞ ¼ ðDqp^nþ1ÞðxÞ½nþ 1 þ
BðnÞ
½nþ 1 ðDqp^nÞðxÞ; ð73Þ
where p^nðxÞ  pnðx; qa1; 1 jqÞ, we obtain the q-coherence of the pairs
ðvða1;0Þ þMd1; vða;0ÞÞ, M P 0.
6.2. Little q-Laguerre/Wall linear functional
The little q-Laguerre/Wall linear functional defined in (14) is a particular
case of little q-Jacobi linear functional defined in (64) when b ¼ 0 [8, p. 117].
Let wðaÞ be the little q-Laguerre/Wall linear functional with parameter a ¼ qa,
a > 1. By using similar arguments as in Section 6.1 we obtain:
Theorem 4. Let ðu0; u1Þ be a q-coherent pair of positive-definite linear func-
tionals.
1. If u0 ¼ wðaÞ is the little q-Laguerre/Wall linear functional, then
u1 ¼ 1ðx nÞw
ðaþ1Þ þMdn with n6 0; M P 0:
2. If u1 ¼ wðaÞ is the little q-Laguerre/Wall linear functional, and
(a) if a > 0, then u0 ¼ ðx nÞwða1Þ with n6 0,
(b) if a ¼ 0, then u0 ¼ wð0Þ þMd0 with M P 0,
(c) if 1 < a < 0, then u0 ¼ u1.
7. The limit transitions
In [10], Meijer proved that if ðu0; u1Þ is a coherent pair of linear functionals
(2), then at least one of the functionals has to be a classical continuous one, i.e.,
Hermite, Laguerre or Jacobi linear functional. He gave the classification of
coherent pairs of linear functionals which can be represented by distribution
functions. In this section, limit transitions from little q-Jacobi linear functional
to Jacobi linear functional and from little q-Laguerre linear functional to La-
guerre linear functional are obtained. From Sections 5 and 6 and using these
limit relations we recover the classification of all coherent pairs of positive
definite linear functionals in case of Jacobi and Laguerre linear functionals.
Therefore, as stated in [1, p. 13] and [10, p. 333], there exists no coherent pair of
linear functionals if one of them is the Hermite linear functional. Thus, we
recover the classification of all positive definite linear functionals given in [10].
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; qa; qb jq
 
are orthogonal with respect to a linear functional uq which satisfies an equation
as (10) with
/ðxÞ ¼ qað1 xÞ 2 þ q1þbðx 1Þ;
wðxÞ ¼ 1 2q
1þa  q2þaþbðx 1Þ þ x
ðq 1Þq :
ð74Þ
If we take the limit when q " 1 in (10) we obtain
D½ð1 x2Þv ¼ ðb  a  xð2þ a þ bÞÞv; ð75Þ










að1þ xÞbCða þ b þ 2Þ
2aþbþ1Cða þ 1ÞCðb þ 1Þ dx 8p 2 P: ð76Þ
Therefore, uq ! vða;bÞJ when q " 1.
By applying the limit when q " 1 in definition (26) of the polynomial B2, it
converges to a new polynomial B of degree 2 which has two zeros, f and #. If
we take the limit when q " 1 and using the above limit transition we obtain
(compare with [10]):
Theorem 5. Let ðu0; u1Þ be a coherent pair of positive-definite linear functionals.
1. If u0 ¼ vða;bÞJ is the Jacobi linear functional, then
u1 ¼ 1jx fj v
ðaþ1;bþ1Þ
J þMdf with a > 1; b > 1; jfjP 1; M P 0:
2. If u1 ¼ vða;bÞJ is the Jacobi linear functional, and
(a) if a > 0 and b > 0, then u0 ¼ jx fjvða1;b1ÞJ with jfj > 1,
(b) if a ¼ 0 and b > 0, then u0 ¼ vð0;b1ÞJ þMd1 with M P 0,
(c) if a > 0 and b ¼ 0, then u0 ¼ vða1;0ÞJ þMd1 with M P 0.
Let us consider pnðx; qa jqÞ the little q-Laguerre/Wall MOPS with parameter
qa. The polynomials pnðð1 qÞx; qa jqÞ are orthogonal with respect to a linear
functional uq which satisfies an equation of type (10) with
/ðxÞ ¼ qax; wðxÞ ¼ 1þ q
1þa þ ð1 qÞx
ðq 1Þq : ð77Þ
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If we take the limit when q " 1 in (10) we obtain
D½xv ¼ ða þ 1 xÞv; ð78Þ











Cða þ 1Þ dx 8p 2 P: ð79Þ
Therefore, uq ! vðaÞL when q " 1. From this limit transition and Theorem 4 we
obtain:
Theorem 6. Let ðu0; u1Þ be a coherent pair of positive-definite linear functionals.
1. If u0 ¼ vðaÞL is the Laguerre linear functional, then
u1 ¼ 1x f v
ðaþ1Þ
L þMdf with a > 1; f6 0; ;M P 0:
2. If u1 ¼ vðaÞL is the Laguerre linear functional, and
(a) if a > 0, then u0 ¼ ðx fÞvða1ÞL with f < 0,
(b) if a ¼ 0, then u0 ¼ vð0ÞL þMd0 with M P 0,
(c) if 1 < a < 0, then u0 ¼ u1.
Remark. Finally, let us mention that if we change the q-difference operator by a
difference operator on non-uniform lattices [24], we guess that an extension of
this theory could be done.
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